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We exploit geometric properties of quantum states of light in optical cavities to carry out quantum
non demolition measurements. We generalize the “mode-invisibility” method to obtain information
about the Wigner function of a squeezed coherent state in a non-destructive way. We also simplify
the application of this non demolition technique to measure single-photon and few-photon states.
I. INTRODUCTION
Quantum nondemolition (QND) measurements [1–3]
try to obtain the maximum information possible about a
quantum system while minimizing the measurement back
action. Since its conceptual introduction, there has been
a lot of theoretical [4] and experimental [3, 5–8] progress
in this field. QND measurements of the number of pho-
tons in Fock states of light have been very successfully
implemented in quantum optical settings [9].
In our earlier work [10] we proposed a quantum non
demolition measurement of Fock states of light taking
advantage of the spatial symmetry of the modes of the
field in an optical cavity. We called this technique “mode
invisibility”. Using this technique we showed that an
atomic probe, on resonance with the target field mode
we want to measure, can be sent through a cavity in such
a way that the state of light in that mode is not altered,
but at the same time the atom acquires a non-negligible
phase easily appreciable in an atomic interferometry ex-
periment. We exploited the mode-invisibility technique
to suggest that a setting of two optical cavities—one con-
taining a known state of light and another one containing
the state of light that we want to probe—allows for the
effective distinction of Fock states containing very few
photons.
Unfortunately Fock states of light are difficult to gen-
erate. We are therefore led to consider using coherent
states that are experimentally much more controllable
and easier to realize. In this article we extend the mode-
invisibility technique to the non-demolition measurement
of coherent states of light [11, 12] and squeezed coherent
states [13]. We will show that it is indeed possible to ob-
tain information about an unknown Fock state without
having access to another Fock state.
This advantage extends to other states of light. We will
demonstrate ways in which the mode-invisibility tech-
nique can yield information (other than the average pho-
ton content) about more complex states of light, such
as squeezed coherent states. In general it is not obvious
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that the adiabatic approximation can be satisfied in the
course of obtaining information about the physical pa-
rameters of squeezed coherent states. However, we will
see that the adiabatic approximation is indeed fulfilled.
What is more, we will discuss the possibility of gain-
ing information (in a non-destructive way) about some
features of the Wigner function of more general states
of light, such as the relative difference in the phase of a
squeezing and a phase space displacement.
II. CRITERIA FOR QND MEASUREMENT
We remark here that the key features of a QND mea-
surement include its ability to preserve useful information
for subsequent processing and its repeatability, in which
quantum-state evolution into a different state is prohib-
ited and successive measurement yields the same result
as the first measurement.
In a general measurement scheme, the system to be
measured is coupled to a probe system, and the interac-
tion of the two systems correlates the states of the probe
and measured system. For the measurement to be a QND
measurement, the measurement scheme should satisfy a
set of conditions [14, 15] that we recapitulate below.
1. There should be some information about the mea-
sured observable which is encoded in the probe sys-
tem after the interaction.
2. The measurement should not affect the measured
observable after the measurement.
3. The measurement should be repeatable: Identical
repeated measurements of the system should con-
sistently provide the same outcome.
In our previous work we proposed to obtain informa-
tion about the average photon population through an in-
terferometric phase. If we already know that the target
state is a Fock state, we can distinguish Fock states from
each other. The mode invisibility technique is indeed a
QND measurement for the following reasons:
1. The interferometric phase encodes information
about the number of photons and it is resolvable to
a precision that tells apart few-photon states satis-
fying the QND criterion 1.
ar
X
iv
:1
40
4.
07
26
v2
  [
qu
an
t-p
h]
  2
0 O
ct 
20
14
22. The probability that the measurement takes the
system to a different state is many orders of mag-
nitude below the intensity of the signal (P ∼ 10−22
for physical parameters), showing that the system
does not get perturbed after the measurement.
3. Given this probability for physical parameters, for
our measurement outcome to be significantly al-
tered, the measurement has to be repeated of the
order on more than 1015 times.
In this work we generalize the mode-invisibility technique
to measure more general states of light such as coherent
states and squeezed coherent states. However, it is not
guaranteed a priori whether the QND criteria are satis-
fied in this more general scenario. Nevertheless, we will
show that the mode invisibility technique, originally in-
tended for the measurement of Fock states, still provides
a QND way to acquire information about general states
of light.
III. BACKGROUND
Let us briefly introduce the usual description of the
different states of light to which we will apply the mode-
invisibility technique.
First, a coherent state of light |α〉, (α = |α|eiφ ∈ C) is
defined as the eigenstate of the annihilation operator (aˆ)
when acting from the left (i.e., aˆ|α〉 = α|α〉). It models
relatively well the photon population of the outcome of
a stationary laser source. In the number basis, {|n〉}, a
coherent state |α〉 takes the form
|α〉 =e− |α|
2
2
∞∑
n=0
αn√
n!
|n〉, (1)
which is obviously well normalized 〈α|α〉 = 1 . It is
straightforward to check that the expectation value of
the photon number in a coherent state is 〈nˆ〉 = |α|2. Ad-
ditionally, it can be shown that the action of the displace-
ment operator
D(α) = exp
(
αaˆ† − α∗aˆ
)
, (2)
on the vacuum state is
|α〉 = D(α)|0〉.
The action of the displacement operator on the creation
operator (a†) and annihilation operator (a) which obey
the commutation relation [a, a†] = 1, is given by
D(α)†aˆD(α) = a+ α, (3a)
D(α)†a†D(α) = a† + α∗. (3b)
respectively.
The second state of light we wish to discuss is the
squeezed state [16]. Squeezed states describe very well
the outcome of many non-linear quantum optics light
sources (e.g, parametric down-conversion, etc.) [17]
and they have been widely studied in the past years
as they have been proven useful for optical communica-
tions [13, 18] and for quantum metrology [14, 19] among
other disciplines. They are states that minimize the un-
certainty relationships with phase-sensitive fluctuations
(where the uncertainty in the x and p quadratures is
not necessarily the same). We will study the properties
of squeezed states [20]; in particular squeezed coherent
states and squeezed vacuum states [21]. We will use the
mode-invisibility technique to show how one can extract
information about the degree of squeezing, the amplitude
of the displacement, and some features of the Wigner
function of squeezed coherent states of light ( the rela-
tive phase between squeezing and displacement) without
significantly perturbing the state.
A representation of a squeezed coherent state can be
obtained by applying the squeeze operator
S(ζ) = exp
(1
2
ζ∗aˆaˆ− 1
2
ζaˆ†aˆ†
)
, ζ = reiφ, (4)
on the coherent states of light
|ζ, α〉 ≡ S(ζ)|α〉.
S(ζ) is a unitary operator [Sˆ(ζ)Sˆ†(ζ) = Sˆ†(ζ)Sˆ(ζ) = 1]
with magnitude |S(ζ)| = r, (0 ≤ r <∞) and phase
φ, (0 ≤ φ ≤ 2pi) respectively [13]. The annihilation and
creation operators transform under squeezeing as
bκ = S(ζ)
†
κaκS(ζ) =aκ cosh(r)− a†κeiφ sinh(r), (5a)
b†κ = S(ζ)
†
κa
†
κS(ζ)κ =a
†
κ cosh(r)− aκe−iφ sinh(r). (5b)
Note that this transformation is canonical ([b,b†] = 1).
A QND measurement on a squeezed coherent state im-
plies that
|ζ, α(T )〉 ' |ζ, α(0)〉 (6)
where we consider an interaction time from t = 0 to
t = T. Equation (6) indicates that the state is unchanged
after the measurement process. Quantitatively this crite-
rion will manifest itself insofar as the transition probabil-
ity of the system into a different state during the duration
of the measurement is approximately zero.
The mode-invisibility technique measures the photon
content in a given state of light [10]. How this non demo-
lition measurement technique can be sensitive to the rela-
tive phase of the displacement operator D(α) and squeeze
operator S(ζ) that characterize a squeezed coherent state
does not seem obvious. We will show in this paper that
we can indeed detect this relative phase difference with-
out difficulty. We will also show that the interferometric
method [10] can achieve a squeezing sensitivity within
the range r ∈ [0, 2] that is experimentally realizable [22].
3FIG. 1. (Color online) Measurement setup to detect the prop-
erties of an unknown state of light trapped in a cavity using
a known control light state in another cavity as a reference.
A detector moving at constant v is sent into the interferom-
eter to probe the unknown light state on resonance, but in a
nondestructive manner using the mode- invisibility technique.
IV. SETTING
Our goal is to present a technique to measure the
features that characterize coherent states and squeezed
states (squeezed coherent states and squeezed vacuum
states) of light without significantly perturbing them. We
consider a detector in the form of a single atom with two
energy levels—ground |g〉 and excited |e〉—with atomic
transition frequency Ω. The detector is coupled to the
target mode of the light field in an optical cavity. We
will focus on the dynamical phase acquired by the atom
crossing the cavity. If its coupling to the field state is
very weak, we expect that after an interaction time T,
the atom will exit the cavity without altering the prob-
ability distribution of the field state [9], perhaps with a
dynamical phase. We seek to enhance the phase acquired
by the atom as it flies through the cavity so as to improve
prospects for the measurement of this phase via interfer-
ometry. If the atom is highly off resonant with the probed
field mode, the action of that atom on the field will be
minimized. However, the phase is also larger the closer
we are to resonance [10]. Ideally we would like to let
the atom interact strongly with the relevant field mode,
placing the field mode in resonance with the atomic gap.
Figure 1 shows our measurement setup as illustrated
in [10, 23, 24]. In the present work we analyze this basic
setting when the target field state is an optical coherent
state or a squeezed state defined by the parameters α and
ζ respectively. We show that the phase acquired by an
atom crossing a cavity containing either of these quan-
tum field states will carry information about their param-
eters without perturbing the field states significantly. By
so doing we will be able to differentiate a coherent state
with parameter α from another with parameter α
′
. In
the same way, we will also be able to differentiate be-
tween a squeezed state with parameter ζ and another
with parameter ζ
′
. We will see that it is also possible to
gain some information about the phase space distribution
of a squeezed coherent state other than the expectation
value of the photon number. Finally, we will see that the
mode invisibility technique using simple coherent states
as an interferometric reference can be employed to probe
different states of light (either Fock states, other coher-
ent states, or squeezed states). This class of states is
generally easy to produce in the laboratory.
For the light-atom interaction we consider the same
model as in [10], regarding the atom as a two-level sys-
tem, much like a Jaynes-Cummings Hamiltonian in which
neither the single-mode nor the rotating-wave approxi-
mation is carried out. Specifically the light-matter inter-
action Hamiltonian [23–25] will be the Unruh–de Witt
model H
I
= λµ(t)φ[x(t)], which is known to model the
interaction between two level atoms and the electromag-
netic (EM) radiation field if there is no exchange of or-
bital angular momentum involved in the atomic transi-
tion [26, 27]. The atom couples pointlikewise to the field
φ[x(t)] along its trajectory x(t) through its monopole mo-
ment µ(t) = (ˆσ
+
+ ˆσ
−
) where σ
+
and σ
−
are the creation
and destruction operators for a two level atom respec-
tively. λ is the coupling strength. The quantum field
is contained in a perfectly reflective cavity of length L.
Under these assumptions, the interaction Hamiltonian is
H
I
= λ
(
σ
+
e
iΩt
+ σ
−
e
−iΩt
)
×
∑
κ
1
√
k
κ
L
(
a
†
κ
e
iω
κ
t(t)
+ a
κ
e
−iω
κ
t(t)
)
sin(k
κ
x),
(7)
where the field is expanded in terms of the stationary
wave modes of the Dirichlet cavity. We define the time
evolution operator from a time t = 0 to a time t = T as
U(0, T ) = T exp
[
− i
∫
T
0
dtH
I
(t)
]
, (8)
where T is a time ordering. Under this evolution opera-
tor, the n−th order perturbative correction to the joint
state of the atom-field system will be given by
|ψ(T )
n
〉 = U
(n)
(0, T )|ψ(0)〉, (9)
after time T, where |ψ(0)〉 is the initial joint state, with
the different U
(n)
(0, T ) being
U(0, T )=1−i
∫
T
0
dt
1
H
I
(t
1
)
︸ ︷︷ ︸
U
(1)
−
∫
T
0
dt
1
∫
t
1
0
dt
2
H
I
(t
1
)H
I
(t
2
)
︸ ︷︷ ︸
U
(2)
+ . . .
(10)
4V. THE MEASUREMENT SCHEME
A. The weak adiabatic assumption and mode
invisibility
Suppose the atom is prepared in its ground state |g〉.
To ensure that its interaction leaves the field unper-
turbed, we will compute its transition probability into
a state different from the original configuration, and re-
quire this quantity to be very small. This is equivalent to
demanding that the probability that the system remains
in the same initial state after the atom crosses the cavity
is approximately unity. In other words, we require∣∣〈ψ(0)|U(0, T )|ψ(0)〉∣∣2 ≈ 1; (11)
hence the joint system evolves to the same system apart
from a phase factor
|ψ(T )〉 = U(0, T )|ψ(0)〉 ≈ eiγ |ψ(0)〉, (12)
where γ is the phase factor to be determined. We call
this condition the “weak adiabatic assumption”. As we
will discuss below, this criterion will be satisfied for all
the cases considered here due to mode invisibility. The
weak adiabatic conditions (11) and (12) ensure that the
QND criteria 2 and 3 are satisfied.
Since global phases are not measurable we will em-
ploy an atomic interferometric scheme [10] to compare
the phase difference between two quantum field states:
the unknown quantum field state that we would like to
measure, and a known quantum field state that acts as
a reference. This will allow us to identify states within a
known one-parametric family of states.
Consider the coupling between our detector and a
squeezed coherent state trapped in an optical cavity. Let
|ζ, α〉β be a squeezed coherent state in the cavity mode
β of frequency ωβ while all the rest of the modes are pre-
pared in very sparsely populated states. Therefore the
joint initial state of our system will be well described as
|ψ(0)〉 = |g〉 ⊗ |ζ, α〉β
⊗
β 6=γ
|0γ〉. (13)
Using the evolution operator (8), one can evaluate the
state |ψ(T)〉 of the system at a time T, [see Eq. (9)].
Since we require that the interaction between the atom
and the squeezed coherent light does not alter the state
of the combined system, we can estimate the excitation
probability of the combined system after an interaction
time T to be [10],
P|e〉 = 〈e|TrF
[
U (1)ρ(0)U (1)†
]
|e〉 (14)
where U(1) is the first order contribution to the unitary
operator (8), given as
U (1) = −i
∑
κ
1√
kκL
(
σ+a†κI+,κ + +σ
+aκI
∗
−,κ
)
(15)
and for notational convenience we have defined
I±,κ =
∫ T
0
dtei(±Ω+ωκ)t sin[kκx(t)]. (16)
TrF is the partial trace of the joint system over the
squeezed-coherent field state. In the form of a density op-
erator, Eq. (13) gives ρ0 = |g〉〈g| ⊗ |ζ, α〉β〈ζ, α|β . If we
define this density operator in terms of the squeeze and
displacement operators it is easy to evaluate Eq. (14) fol-
lowing the cyclic property of a trace (see the Appendix).
After an evolution time T we obtain
Pα,r|e〉 = λ
2
[
1
kβL
(|I−,β |2 + |I+,β |2)
(
C2(r) + S2(r)
)|α|2
− 2
kβL
(|I−,β |2 + |I+,β |2)S(r)C(r) Re
[|α|2ei(2θ−φ)]
+(|I−,β |2 + |I+,β |2)S
2(r)
kβL
+
∑
γ
|I+,γ |2
kγL
]
,
(17)
where, to shorten notation, we have defined
sinh(r) = S(r) and cosh(r) = C(r).
For a large range of values of r, θ, φ, α (and in partic-
ular for all those studied in detail below), and for the
speed of the atomic probe in the range v ≈ 1− 1000m/s,
we find that we can achieve values Pα,r|e〉  1, imply-
ing that the detector negligibly perturbs the field state
during the interaction as per QND requirement 2. Us-
ing (2) and (4) we see that the squeezed coherent state
|ζ, α〉β = S(ζ)βD(α)β |0〉 contains both the squeezed vac-
uum state S(ζ)|0〉 and the coherent state D(α)|0〉 as spe-
cial cases. Hence (17) also gives the correct transition
probabilities for the squeezed vacuum and the coherent
state. Namely, for a coherent state,
Pα|e〉 =
[
|α|2
kβL
(|I−,β |2 + |I+,β |2) +
∑
γ
|I+,γ |2
kγL
]
, (18)
and for the squeezed vacuum,
P r|e〉 =
[
S2(r)
kβL
(|I−,β |2 + |I+,β |2) +
∑
γ
|I+,γ |2
kγL
]
. (19)
As shown in equations (17), (18) and (19) respectively,
the transition probabilities |P〉|e〉 in all cases depend on
the intergals |I±,β |2 with I±,β defined as in Eq. (16).
This integral (the rotating-wave resonant term) gives by
far, the largest contribution to the probability of transi-
tion of the system. Recall that when the atomic probe
crosses the cavity at constant (and non-relativistic) speed
x(t) = vt the integral (16) is easily evaluated to give [10],
I±,β =
[
ei
L
v (ωβ±Ω)(−1)β − 1
]
Lv
√
β pi
(β piv)
2 − L2(ωβ ± Ω)2
.
5At resonance ωβ = Ω, we have that the leading-order con-
tribution to the transition amplitude is
I−,β =
[
(−1)β − 1]L
(β pi)3/2v
.
Previously we demonstrated that this term could be can-
celed [10]. From the interaction Hamiltonian (7), we see
that multiples of the second harmonic (β = 2, 4, 6, . . .)
have the property that their spatial wave functions are
of odd parity while for the rest of the harmonics they are
of even parity. Thus an atom that flies through the cavity
will be effectively changing the sign of the coupling (in
the first order correction terms) an even number of times.
Hence although the detector may be instantaneously al-
tering the field state along its trajectory, if it travels at
constant speed and probes only the even cavity modes,
the overall effect on the field state when considering the
whole trajectory will be negligible.
Upon eliminating this largest term, the maximum con-
tribution to the transition probability is from the sum of
all the |I+,β |2 terms, which is convergent. For the set of
parameters studied in this paper, we find that the transi-
tion probability for an atom crossing a cavity sustaining
a coherent state is of the order of ∼ 10−22 multiplied by
|α|2 [which is easy to evaluate from (18) noting that the
integrals I± were already evaluated in [10]]. This indi-
cates that our measurement technique is indeed a QND
measurement scheme, allowing us to keep the ‘weak adi-
abatic assumption’ for relatively large values of the pa-
rameters |α| and r.
Once we have made sure that the weak adiabatic con-
dition is satisfied, in (17), (18), and (19), we can proceed
to calculate the phase acquired by the atom upon in-
teraction with each light field. To this end we need to
compute the leading-order contribution to the phase.
B. Calculating the second order contribution to
time evolution
The second order contribution to the time evolution of
the atom-field system is given by the expression
|ψ(2)〉 = U (2)|ψ(0)〉, (20)
where U(2) is the second order contribution to the unitary
operator (8).
U (2) = −
∑
κ,δ
∫ L
v
0
dt
∫ t
0
dt′HI(t)HI(t′) (21)
We prepare the atom initially in its ground state. Hence,
the (σ+σ−) terms in U (2) give zero contribution to Eq.
(20). The only surviving terms are proportional to
(σ−σ+). After a lengthy calculation (see the Appendix ),
we obtain the leading-order correction to the phase factor
for the squeezed coherent state to be,
|ψ(2)〉 = −λ2
(∑
γ
C∗+,γ
kγL
+ (C∗+,κ + C−,κ)
S2(r)
kκL
− 2
kκL
(C∗+,κ + C−,κ)S(r)C(r) Re
[|α|2ei(2θ−φ)]
+
|α|2
kκL
[C2(r) + S2(r)](C∗+,κ + C−,γ)
)
|ψ(0)〉+ |ψ(T )〉⊥,
(22)
where
C±,κ =
∫ L/v
0
dt
∫ t
0
dt′ei(ωκ±Ω)(t−t
′) sin(kκvt) sin(kκvt
′);
(23)
|ψ(0)〉 is the initial state of the joint atom–squeezed co-
herent system, and |ψ(T)〉⊥ is the second-order correc-
tion which is orthogonal to the initial state and which
is irrelevant to the computation of the phase. |ψ(T)〉⊥,
should be small enough for all our assumptions to hold.
Its magnitude will have an impact on the visibility of the
fringes in the interferometric experiment as detailed in
[10]. Since this constitutes a sub leading contribution to
the probability of modifying the state O(λ2) in ampli-
tudes, O(λ4) in the probabilities) that is not canceled by
the mode invisibility technique, as opposed to the lead-
ing order, its magnitude must also be kept under control
to guarantee the QND nature of the measurement. We
will see that this term remains under control for all the
relevant cases studied here.
For r = 0 we recover the case of a coherent state in the
cavity mode we want to probe. For that particular case
the expression simplifies to
|ψ(T )(2)〉 = −λ2
(
(C∗+,κ + C−,κ)
kκL
|α|2 +
∑
γ
C∗+,γ
kγL
)
|ψ(0)〉
+|ψ(T )〉⊥
Similarly for the case α = 0 we recover the squeezed vac-
uum. In this case the leading-order contribution is
|ψ(T )(2)〉 = −λ2
(
(C∗+,κ + C−,κ)
kκL
S2(r) +
∑
γ
C∗+,γ
kγL
)
|ψ(0)〉
+|ψ(T )〉⊥
C. Calculating the phase factor acquired by an
atom after an interaction with a given light field
According to our weak adiabatic scheme explained in
Sec. V A, we expect that a state that starts at time t = 0
will evolve to almost the same state but for an additional
global phase factor γ [see Eq. (12)]. Upon simplification,
Eq. (12) reduces to
η = −i ln
[
1− λ2〈ψ(0)|U (2)(0, T )|ψ(T )〉
]
, (24)
6where η could be a complex number due to the presence
of orthogonal terms in the leading order contribution to
γ, implying that γ = Re[η]. Multiplying Eq. (22) from
the left by 〈ψ(0)| and substituting back into Eq. (24) we
find
η(r, α) = −i ln
[
1− λ2
((
C∗+,κ + C−,κ
)
kκL
S2(r) +
∑
γ
C∗+,γ
kγL
+
C∗+,κ + C−,κ
kκL
[C2(r) + S2(r)]|α|2
− 2
kκL
(C∗+,κ + C−,κ)S(r)C(r) Re
[|α|2ei(2θ−φ)])]
(25)
for the phase acquired by an atom flying through a cavity
with a squeezed coherent state of light.
For the particular case when r = 0, we have the phase
acquired by an atom crossing a cavity with coherent state
sustained in it to be
η(α) = −i ln
[
1− λ2
(∑
γ
C∗+,γ
kγL
+
(C∗+,κ + C−,κ)
kκL
|α|2
)]
.
(26)
Similarly, when α = 0, the phase acquired by an atom
crossing a cavity containing a squeezed vacuum state is
η(r) = −i ln
[
1− λ2
(∑
γ
C∗+,γ
kγL
+
S2(r)
kκL
(C∗+,κ + C−,κ)
)]
.
(27)
Figure 2 shows different plots of the measurable phase
γ [the real value of η(r, α)] as a function of its depen-
dent variables αandr and the relative phase difference
Ψ = 2θ − φ. The atom is taken to fly through the cavity
for a time t = βpi/ωβ at a velocity v = 1000m/s. The
inset in the center plot of Fig. 2 shows that our method
is sensitive to values of r that are experimentally realiz-
able [22], although we have plotted our results for values
of r well beyond this range. We clearly see that while
the probability that the system evolves to some differ-
ent state is rendered negligible, the global phase factor
(which can be determined via atomic interferometer by
comparison with a known state) is not negligible.
Figure 3 shows a plot of Re[η(α)] as a function of the
amplitude of the coherent state |α| and Fig. 4 as a func-
tion of r.
VI. PHASE SENSITIVITY TO THE STATE
PARAMETERS
Our final goal is to be able to compare the different
dynamical phases acquired by different states through
an atomic interferometry experiment. For that we need
to know how the global phase acquired depends on the
parameters of the relevant states studied.
From (25) we see that the global phase acquired by
the atom crossing a cavity where a squeezed coherent
state is prepared, is sensitive to (1) the magnitude of the
displacement parameter |α|, (2) the squeezing parameter
r, and (3) the relative angle 2θ − φ between the squeez-
ing and displacement operations in phase space. This
means that the global phase contains information about
the Wigner function of the squeezed coherent state: both
the average number of photons and the relative phase be-
tween the squeeze and displacement operators. If we were
able to measure it we could use it to characterize a coher-
ent state or a squeezed state or to measure the direction
of squeezing in phase space relative to the direction of
displacement in a coherent squeezed state.
Figure 2 shows how the dynamical phase is sensitive to
these three parameters. For the relative phase between
the squeezing and the displacement, we see that there
is indeed an appreciable phase difference that increases
when the photon number expectation of the mode in-
creases.
The figure also shows that the phase is extremely sen-
sitive to the values of the squeezing parameter and the
displacement parameter for a range of values (although
it loses sensitivity when the expected photon population
increases). This suggests that the measurement of this
phase would be an extremely good method for probing, in
a nondemolition way, states that are very scarcely pop-
ulated, losing sensitivity as the photon population in-
creases.
Figure 5 shows the different visibility factors that
would impact an interferometric experiment, where we
compare the phase acquired by an atom going through a
cavity with the target state of light and some other ref-
erence phase. Consistently with the previous results, we
see that the method works much better in probing states
with a low photon number expectation.
VII. MEASUREMENT SETTINGS
We have determined how the global phase acquired by
an atomic probe behaves as a function of the parameters
of the probed states of light in a quantum non-demolition
measurement setting. However global phases cannot be
directly measured. We will therefore always need to use
an interferometric scheme, such as the one described in
Fig. 1, to obtain the phase acquired from the probed
state relative to the phase of a known reference state.
When it comes to choosing a reference state, we would
like it to be a state that is easy to prepare and control in
the laboratory. In our previous work [10] we used Fock
states as reference states to probe unknown Fock states.
However, this is less than ideal since the preparation and
control of Fock states of light is a rather challenging en-
terprise in quantum optics [28]. We would like to remove
this constraint from the ‘mode-invisibility’ QND mea-
surement scheme. A natural candidate for a reference
state is a coherent state. These states are among the
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FIG. 2. (Color online) Phase acquired by an atom crossing a cavity with squeezed coherent field trapped inside, from left to
right: Left: as a function of the relative phase difference Ψ between the coherent operator and the squeezed operator; middle:
as a function of the amplitude r of the squeeze operator S(r, φ); right: as a function of the amplitude |α| of the coherent
state operator D(α). Each figure show the sensitivity of the phase to the state parameters. The physically realizable squeeze
parameter range is shown in the inset in the middle figure. We see that in that regime reasonable sensitivity to the phase is
attained. However for large squeeze amplitudes r > 5, the phase value ceases to be sensitive to the squeeze amplitude.
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FIG. 3. (Color online) Phase acquired by an atom that inter-
acts with a coherent state as a function of the coherent state
amplitude |α|. The inset shows an exponential curve for small
values of |α|. For large values, the curve plateaus, making it
increasingly difficult to gain information about |α|.
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FIG. 4. (Color online) Phase acquired by an atom that in-
teracts with a coherent state as a function of the amplitude of
the squeeze operator r. The inset shows an exponential curve
for small values of r. The curve eventually plateaus, making
it increasingly difficult to gain information about r.
easiest to prepare and control in quantum optic labo-
ratories [16]. We have shown that the mode-invisibility
technique is also applicable to coherent states of light.
Using a cavity with a coherent state sustained in it
as a reference cavity (see the measurement setup [10])
we shall see that it is possible to measure the expected
photon content of Gaussian states and the relative phase
between a squeeze and a displacement operation. Fur-
thermore, we will see that it is possible to obtain the
same measurement resolution as in [10] by using a coher-
ent state as reference instead of another controlled Fock
state.
A. Interferometric measurement of a squeezed
coherent state using another coherent state as
reference
The phase acquired by an atom crossing a cavity sus-
taining a squeezed coherent state of light is given in Eq.
(25). To measure this phase, we will compare it with
that acquired by an atom crossing a cavity with a co-
herent state in it. This phase difference is given by the
expression
∆γ(r, α,Ψ) = Re[−i lnχ(α, r,Ψ)]
where
χ(α, r,Ψ) =
[
1−
((
C∗+,κ + C−,κ
)
kκL
S2(r) +
∑
γ
C∗+,γ
kγL
+
C∗+,κ + C−,κ
kκL
(C2(r) + S2(r))|α|2
− 2
kκL
(C∗+,κ + C−,κ)S(r)C(r) Re
[|α|2ei(2θ−φ)])]
×
[
1−
(
(C∗+,κ + C−,κ)
kκL
|αR|2 +
∑
β
C∗+,β
kβL
)]−1
(28)
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FIG. 5. (Color online): Visibility factor for the cases plotted in Fig. 2, from left to right. Left: as a function of the relative
phase difference Ψ between the coherent operator and squeezed operator; middle: as a function of amplitude r of the squeeze
operator S(r, φ); right: as a function of the amplitude |α| of the coherent state operator D(α).
and we have defined αR as the amplitude of the refer-
ence coherent state. We show in Fig. 6 a plot of the
phase resolution to distinguish the relative phase differ-
ence acquired by an atom that interacts with a squeezed
coherent state with Ψ from another with Ψ + δΨ.
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FIG. 6. (Color online): Phase resolution to distinguish the
relative phase difference acquired by an atom that interacts
with two different squeezed coherent states. Here we plot
the relative phase difference between Ψ and Ψ + δΨ for each
squeezed coherent state respectively. Different curves with
δΨ = 0.5pi, 0.4pi, 0.3pi, 0.2pi and 0.1pi are shown for the values
of |α| = r = 1.
We can thus obtain the phase resolution required to
distinguish between two coherent states and two squeezed
vacuum states by setting r = 0 and α = 0 in Eq. (28)
respectively. Figures 7 and 8 show their individual plots.
The phase resolution needed to tell apart different val-
ues of r is shown in Fig 8. Additionally, we also show
in Fig. 6 the interferometric phase resolution needed to
measure the relative direction of squeezing with respect
to the displacement. This shows our ability to distin-
guish two different coherent states as the amplitude of
the state changes.
B. QND measurement of Fock states using
coherent states as reference
The original formulation of mode invisibility [10] con-
sidered distinguishing between a Fock state containing n
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FIG. 7. (Color online): Phase resolution required to distin-
guish between a coherent state with amplitude |α| and an-
other coherent state with amplitude |α + δα|. We show the
plots for values of δα = 1, 2, 3, 4 and 5 respectively.
æ æ
æ
æ
æ
æ æ æ æ æ æà
à
à
à
à
à
à à à à à
ì
ì
ì
ì
ì
ì ì ì ì ì ì
ò
ò ò
ò
ò
ò ò ò ò ò ò
ô ô ô
ô
ô
ô ô ô ô ô ô
2 4 6 8 10 r
0.5
1.0
1.5
RdrHrL
FIG. 8. (Color online) Phase resolution required to distin-
guish between a squeezed vacuum state with amplitude r + δr
and another squeezed vacuum state with amplitude r. The
difference curves are shown for δr = 1, 2, 3, 4 and δr = 5 re-
spectively. We see that we have more than enough resolution
to differentiate between the amplitudes of two squeezed co-
herent states.
photons and another Fock state containing n + m pho-
tons. The phase acquired by an atom crossing a cavity
9containing a Fock state of light is [10]
γ(n) =Re
{
−i ln
[
1−λ2
(
(C∗+,κ + C−,κ)
kκL
n+
∑
β
C∗+,β
kβL
)]}
In the non-relativistic case, if we assume γ  1, then
this expression is given as
eiη ∼ 1 + iη = 1−λ2
[
n
C−,α
kαL
+
∑
β 6=α
C∗+,β
kβL
+ (n+ 1)
C∗+,α
kαL
]
and so the phase γ = Re(η) will be given by
γ ' −Im
λ2[nC−,κ
kαL
+
∑
β 6=κ
C∗+,β
kβL
+ (n+ 1)
C∗+,κ
kκL
] .
(29)
On the other hand, the phase acquired by an atom
crossing a cavity sustaining a coherent state of light is
given in Eq. (26). In the nonrelativistic case, if we as-
sume γ  1, we also have
γ ' −Im
λ2[C−,κ
kκL
|αR|2 +
∑
β
C∗+,β
kβL
+ |αR|2
C∗+,κ
kκL
] .
(30)
If we prepare an experimental setup as illustrated in Fig.
1 to measure an unknown Fock state of light trapped in a
cavity using a known coherent state as the reference, the
difference between phases acquired during an interaction
with this light field state is given in the nonrelativistic
limit as ∆γ
(α)
n = γ(n)− γ(αR), which therefore gives
∆γ(α)n =
λ2
kκL
Im
[ (C∗+,κ + C−,κ)
kκL
]
(n− |αR|2) (31)
We can compare the phase resolution in this case (the
interferometric phase difference between a Fock state of n
photons and a Fock state of n + m photons). We defined
the phase resolution of the interferometric experiment
as the difference in the observed interferometric phases
between states with n and n + m photons. Previously [10]
we employed a known Fock state as a reference, yielding
Rm(n) = ∆γ(m+ n)−∆γ(n),
where the respective interferometric phases are
∆γ(m + n) and ∆γ(n) for m + n and n photons.
This phase resolution was found to respond linearly for a
small number of photons in the target state. However as
the number of photons increases, the slope of the curve
decreases logarithmically, worsening the resolution of the
interferometric experiment [10]. This is not surprising:
it is challenging to distinguish a state with 106 photons
from one with 106 + 1 photons, unlike distinguishing
between single-photon and two-photon states.
As mentioned earlier, a significant challenge in the pre-
viously proposed measurement scheme [10] is to prepare
a Fock state of light in the reference cavity. The discus-
sion above indicates that coherent states can be used as
a reference for the interferometric phase determination
of an unknown Fock state.
In this new scenario, the interferometric phase between
the reference coherent state and the unknown Fock state
that we want to identify is given by (31). The phase
resolution required to distinguish between a Fock state
containing n photons and one containing n + m photons,
in this new scheme where the reference is a known coher-
ent state, is
∆(α)m γ(n) = ∆γ
(α)
n −∆γ(α)n+m.
In the nonrelativistic case, this becomes
∆(α)m γ(n) = −
λ2
kκL
Im
[ (C∗+,κ + C−,κ)
kκL
]
m,
and we have the full expression (up to order λ2) given as
∆(α)m γ(n)=Re
i ln
 1−λ
2
(
nC∗+,κ
kκL
+
∑
β
C∗+,β
kβL
)
1−λ2
(
(n+m)C∗+,κ
kκL
+
∑
β
C∗+,β
kβL
)

 .
The last equation yields an expression independent of the
amplitude of the coherent state, one similar to that of a
reference cavity sustaining a Fock state of known photon
number m. Figure 9 shows the phase resolution plotted
against the unknown number of photons n in the Fock
state that we want to probe. We see that the phase res-
olution is linearly dependent on the number of photons.
Here we send the atom into the interferometer at speed
v = 1000m/s and a coupling strength λ = 10−6 − 10−4.
Given that the phase resolution required for an interfer-
ometric experiment is of the order of fractions of milli-
rads, we see from the plot that we have more than enough
phase resolution to distinguish between Fock states dif-
fering only in one photon using a coherent state reference.
VIII. STABILITY OF THE MODE
INVISIBILITY
As a final remark, notice that the mode-invisibility
technique relies on the fact that the spatial symmetry of
the even field modes effectively cancels the action that an
atomic probe transversing the cavity at constant speed
exerts on the field. For that, it is important that the
speed of the atom crossing the cavity be kept constant.
A legitimate question one may ask then is how stable the
method is if we allow for variations in the speed, so that
the atom spends more time in the first half of the cavity
than it spends in the second.
A simple way to assess this stability is to consider that
the coupling strength is not uniform in time. For exam-
ple we can have that the coupling strength of the atom
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FIG. 9. (Color online): Phase resolution required to distin-
guish between a Fock state of unknown number n of photons
and another with n + m photons, using a coherent state as
a reference. Here we show the plots for different values of
m = 5, 10, 15, 20, 25); respectively.
in the first half of the cavity be larger than the coupling
strength in the second half. With that purpose, we can
monitor how the excitation transition probability is min-
imized by introducing a switching function χ(t) = (1−t)
to the interaction Hamiltonian
HI = λχ(t)µ(t)φ[x(t)]
This means that the leading order contribution to the
amplitude of probability to change to a different state
due to the passage of the atom (16), will be modified as
I±,κ =
∫ T
0
dt (1− t)ei(±Ω+ωκ)t sin[kκx(t)]. (32)
And the probability that the systems evolve to a different
state —which under the weak adiabatic condition has to
fulfill the condition that Pe  1— is plotted as a function
of  in Fig. 10. This shows that the method is rather
0.002 0.004 0.006 0.008 0.010
e
2. ´10-12
4. ´10-12
6. ´10-12
8. ´10-12
PeHeL
FIG. 10. (Color online): Excitation transition probability of
an atom as a function of the switching parameter . We can
see that the value of Pe() is small for the given values of .
stable (quadratic in ) under small perturbations of the
symmetry that allows the mode invisibility to work. The
transition probability is approximately P|e〉 ≈ 10−14 for
 = 10−3.
IX. CONCLUSIONS
We have extended the ‘mode-invisibility’ technique
proposed in [10] to find information about the Wigner
function of more general states of light in a nondestruc-
tive measurement by means of atomic interferometry.
Our result shows that the technique can be safely em-
ployed to probe squeezed–coherent states. We showed
that for realistic values of the physical parameters, it is
possible to gain information about the amplitude of the
squeezing parameter r, about the coherent state parame-
ter |α| and, even more, about the relative phase difference
(2θ − φ), (the direction of the squeezing in phase space
relative to the direction of displacement), all of it with-
out significantly perturbing the quantum state of light
probed. Since the method is a nondemolition measure-
ment, we could employ successive measurements (which
will not alter the state of light significantly) to charac-
terize more than one parameter of the state of light.
Furthermore, how this ‘mode-invisibility’ technique
could be used to characterize, in a nondemolition way,
some features of the Wigner function of different states
of light (photon number expectations, phase space dis-
tribution first and second moments, etc.) remains unex-
plored.
We also showed that we do not need to control and
sustain known Fock states in a reference cavity in order
to probe a target Fock state. Instead, an easily produced
and sustained reference coherent state can be used, yield-
ing the same phase resolution as earlier obtained in [10].
This eliminates the setbacks of having to control and
maintain a reference Fock state to probe another one,
considerably simplifying a possible experimental imple-
mentation.
A natural direction to pursue for future work is to see
if our mode-invisibility approach can be used to extract
more information about the Wigner function of the states
of light. In particular, given the mean of the distribu-
tion, how sensitive is our approach to the uncertainties
in the quadratures? These studies may lead to proposals
for QND techniques that may help build less demanding
techniques of state tomography of quantum light.
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Appendix A: Calculations for the atom-squeezed coherent field system
1. Excitation transition probability
Here we will estimate the excitation transition probability of the atom- squeezed coherent field system given by the
expression 〈e|TrF [U (1)ρ(0)U (1)†]|e〉; with ρ(0) = |g〉〈g| ⊗ |ζ, α〉κ〈ζ, α|κ, where the notation shows implicitly that all
the other modes of the field are in the vacuum state. We will write ρ(0) as ρ for convenience.
〈e|TrF [U (1)ρU (1)†]|e〉 =
[∑
γ
σ+a†γI+,γ +
∑
γ
σ+aγI
∗
−γ
](
|g〉〈g| ⊗ |ζ, α〉κ〈ζ, α|κ
)[∑
β
σ−aβI∗+,β +
∑
β
σ−a†βI−,β
]
Rearranging these terms and taking note of the cyclic properties of the trace of products of operators, we have
TrF [U
(1)ρU (1)†] =
[
TrF
[|e〉〈e|∑
β,γ
I∗+,βI+,γ〈ζ, α|κaβa†γ |ζ, α〉κ
]
+ TrF
[|e〉〈e|∑
β,γ
I−,βI∗−,γ〈ζ, α|κa†βaγ |ζ, α〉κ
]
+ TrF
[|e〉〈e|∑
β,γ
I−,βI+,γ〈ζ, α|κa†βa†γ |ζ, α〉κ
]
+ TrF
[|e〉〈e|∑
β,γ
I∗+,βI
∗
−,γ〈ζ, α|κaβaγ |ζ, α〉κ
]]
It is easy to check that, applying the mode invisibility technique that ensures the detector to probe the even relevant
field modes, the last two terms vanish for non-relativistic speeds v/c  1. Therefore we are left with the first two
terms. Taking note of the canonical relationship aβa
†
γ = δγβ + a
†
γaβ , we can rewrite the first two terms.
TrF [U
(1)ρU (1)†] =
[
TrF
[|e〉〈e|∑
β,γ
I∗+,βI+,γ〈ζ, α|κδγ,β |ζ, α〉κ
]
+ TrF
[|e〉〈e|∑
β,γ
Mβ,γ〈ζ, α|κa†βaγ |ζ, α〉κ
]]
(A1)
where for notational convenience we have written Mβ,γ = I−,βI∗−,γ +I
∗
+,βI+,β . We will evaluate the sum in the second
term in this expression by writing the state |ζ, α〉κ = S(ζ)κD(α)κ|0〉. Keeping the sum over one variable β constant
and splitting the sum over γ in two terms (γ = κ and γ 6= κ) yields∑
β,γ
Mβ,γ〈ζ, α|κa†βaγ |ζ, α〉κ =
∑
β,γ 6=κ
Mβ,γ〈0|D†κ(α)S†κ(ζ)a†βaγSκ(ζ)Dκ(α)|0〉
+
∑
β,γ=κ
Mβ,γ〈0|D†κ(α)S†κ(ζ)a†βaγSκ(ζ)Dκ(α)|0〉
The first term on the right hand side vanishes since aγSκ(ζ)Dκ(α)|0〉 = Sκ(ζ)Dκ(α)aγ |0〉 = 0 for γ 6= κ. Therefore∑
β,γ
Mβ,γ〈ζ, α|κa†βaγ |ζ, α〉κ =
∑
β
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉
Similarly separating the sum over the variable β into two parts, when β = κ and when β 6= κ∑
β,γ
Mβ,γ〈ζ, α|κa†βaγ |ζ, α〉κ =
∑
β 6=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉
+
∑
β=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉
We will take each of these terms one by one. Also taking note that for β 6= κ, we have a†βaκSκ(ζ)Dκ(α)|0〉 =
aκSκ(ζ)Dκ(α)a
†
β |0〉 = aκSκ(ζ)Dκ(α)|1〉β ;∑
β 6=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 =
∑
β 6=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)aκSκ(ζ)Dκ(α)|1〉β ; (A2)
∑
β 6=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 =
∑
β 6=κ
Mβ,κ〈0|D†κ(α)[aκ cosh(r)− a†κeiφ sinh(r)]Dκ(α)|1〉β
=
∑
β 6=κ
Mβ,κ
[
cosh(r)〈0|D†κ(α)aκDκ(α)|1〉β − eiφ sinh(r)〈0|D†κ(α)aκDκ(α)|1〉β
]
.
(A3)
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Substituting Eqs. (3a) and (3b), we have∑
β 6=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 =
∑
β 6=κ
Mβ,κα cosh(r) 〈0 |1 〉β −
∑
β 6=κ
Mβ,κα
∗eiφ sinh(r) 〈0 |1 〉β
+
∑
β 6=κ
Mβ,κ cosh(r)〈0|aκ|1〉β −
∑
β 6=κ
Mβ,κα
∗eiφ sinh(r)〈0|a†κ|1〉β
The terms on the right hand side give zero contribution. Therefore the term∑
β 6=κMβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 in Eq. (A2) has no contribution to the excitation transition
probability. The next term we would evaluate is∑
β=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 = Mκ,κ〈0|D†κ(α)S†κ(ζ)a†κS(ζ)κS†κ(ζ)aκSκ(ζ)Dκ(α)︸ ︷︷ ︸
H
|0〉 (A4)
where we have made use of the unitarity of the squeeze operator S(ζ)κS
†
κ(ζ) = 1. We will go ahead to evaluate H.
First we note that from Eq. (5a),
b†κbκ = a
†
κaκ cosh
2(r)− a†κa†κeiφ cosh(r) sinh(r)− aκaκe−iφ cosh(r) sinh(r) + sinh2(r)aκa†κ
H = D†κ(α)b
†
κbκDκ(α) = αa
†
κ cosh
2(r) + α∗aκ cosh2(r) + a†κaκ cosh
2(r)− eiφ cosh(r) sinh(r)a†κa†κ + α∗ sinh2(r)aκ
− 2α∗eiφ cosh(r) sinh(r)a†κ − e−iφ cosh(r) sinh(r)aκaκ − 2αe−iφ cosh(r) sinh(r)aκ + α sinh2(r)a†κ
+ sinh2(r)aκa
†
κ + |α|2 cosh2(r) + |α|2 sinh2(r)− (α∗)2eiφ cosh(r) sinh(r)− α2e−2iφ cosh(r) sinh(r)
Substituting these terms back in Eq. (A4), the only non-zero terms are the terms in the last line of the equation
above. We therefore have
H = D†κ(α)b
†
κbκDκ(α) = sinh
2(r)aκa
†
κ + |α|2 cosh2(r) + |α|2 sinh2(r)− (α∗)2eiφ cosh(r) sinh(r)− α2e−2iφ cosh(r) sinh(r)
= sinh2(r)aκa
†
κ + |α|2[cosh2(r) + sinh2(r)]− 2 Re[(α∗)2eiφ] cosh(r) sinh(r)
Substituting this back in Eq. (A4), we have∑
β=κ
Mβ,κ〈0|D†κ(α)S†κ(ζ)a†βaκSκ(ζ)Dκ(α)|0〉 =Mκ,κ〈0| sinh2(r)aκa†κ + |α|2[cosh2(r) + sinh2(r)]
− 2 Re[(α∗)2eiφ] cosh(r) sinh(r)|0〉 (A5)
Similarly substituting back in Eq. (A1), we have
TrF [U
(1)ρU (1)†] = |e〉〈e|Mκ,κ
(
sinh2(r) + |α|2[cosh2(r) + sinh2(r)]− 2 Re[(α∗)2eiφ] cosh(r) sinh(r) +
∑
γ
|I+,γ |2
)
Therefore the probability that a joint atom–squeezed coherent system would get excited after an interaction time
T is given by the expression (up to order λ2)
P|e〉 =
[
λ2
kκL
(|I−,κ|2 + |I+,κ|2)
[
cosh2(r) + sinh2(r)
]|α|2 − 2λ2
kκL
(|I−,κ|2 + |I+,κ|2) sinh(r) cosh(r) Re
[|α|2ei(2θ−φ)]
+ (|I−,κ|2 + |I+,κ|2)λ
2 sinh2(r)
kκL
+
∑
γ
λ2|I+,γ |2
kγL
]
.
2. Estimating the phase factor
To calculate the phase acquired by the atom while it flies through a cavity with a coherent light field sustained in
it, we need to evaluate the expression (see Sec V A)
η =− i ln
[
1− 〈ψ(0)|U (2)(T )|ψ(0)〉
]
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We need to evaluate |ψ(2)(T )〉; which is defined as U (2)(T )|ψ(0)〉. Substituting Eq. (21), the only surviving term will
be
U (2)(T )|ψ(0)〉 =|g〉 ⊗
∑
γβ
[
c+γβaγa
†
β + c
−
γβa
†
γaβ
]
|ζ, α〉κ = |g〉 ⊗
∑
γβ
[
c+γ,βδβγ + (c
+
γβ + c
−
γβ)a
†
βaγ
]
|ζ, α〉κ (A6)
where
c±γ,β =
∫ L/v
0
dt
∫ t
0
dt′ei(ωγ±Ω)tei(ωβ±Ω)t
′
sin(kγvt) sin(kβvt
′)
Multiplying Eq. (A6) from the left with 〈ψ(0)| = 〈α, ζ|κ, we have
〈ψ(0)|U (2)(T )|ψ(0)〉 =
∑
γ
c+γ +
∑
β,γ
〈α, ζ|κ(c+γβ + c−γβ)a†γaβ |ζ, α〉κ
=
∑
γ
c+γ +
∑
β,γ
Cβ,γ〈0|D†(α)κS†(ζ)κa†γaβS(ζ)(ζ)Dκ(α)|0〉
This is equivalent to the lengthy steps we took in deriving the transition probability for the joint system where
we defined Cγ,β = (c
+
γβ + c
−
γβ). Therefore the phase acquired by a detector after it has crossed a cavity sustaining a
squeezed coherent state is (up to order λ2)
η(r, α) = −i ln
[
1− λ2
(
(C∗+,κ + C−,κ)
kκL
sinh2(r) +
∑
γ
C∗+,γ
kγL
+
(C∗+,κ + C−,κ)
kκL
(cosh2(r) + sinh2(r))|α|2
− 2
kκL
(C+,κ + C−,κ) sinh(r) cosh(r) Re
[|α|2ei(2θ−φ)])] (A7)
Note that in the Appendix of [10], there is a sign typo in the expression for the term R in the equation right
below Eq. (C4) in [10]. The term R has the opposite sign than the one it should. However; the nonrelativistic limit
[expression (C7) in [10]] is correct.
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